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Abstract 



It has been suggested that the chiral symmetry can be implemented only in classical La- 
grangians containing higher covariant derivatives of odd order. Contrary to this belief, it is 
shown that one can construct an exactly soluble two-dimensional higher-derivative fermionic 
quantum field theory containing only derivatives of even order whose classical Lagrangian 
exhibits chiral-gauge invariance. The original field solution is expressed in terms of usual 
^ ' Dirac spinors through a canonical transformation, whose generating function allows the de- 

■ termination of the new Hamiltonian. It is emphasized that the original and transformed 

Hamiltonians are different because the mapping from the old to the new canonical variables 
depends explicitly on time. The violation of cluster decomposition is discussed and the gen- 
eral Wightman functions satisfying the positive-definiteness condition are obtained. 

PACS numbers: ll.lO.Ef, 11.15.Tk 
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Introduction 



In the last few years several authors have turned their attention to the study of higher-derivative 
field theories. The reader is referred to [1-3] for the motivation of such investigations, as well as 
for a brief sketch of the historical development of the subject. It is the purpose of this paper to 
show that certain statements concerning higher-derivative field theories with chiral symmetry are 
based on hasty arguments, and to make the discussion concrete a two-dimensional higher-derivative 
free model of even order and its local gauge invariant generalization (higher-derivative Schwinger 
model of even-order) are considered. We also address ourselves to some unexplored aspects of 
two-dimensional quantum field theories with higher- derivative couplings. 

One occasionally finds in the literature statements to the effect that the chiral symmetry re- 
stricts "the number and the kind" of covariant derivatives in the fermionic Lagrangian, so that, 
for instance, only the appearence of an odd number of covariant derivatives of the fermion fields 
is compatible with invariance (at the classical level) of the fermionic Lagrangian under chiral- 
gauge transformations [3]. Here we show that this is not the case by explicitly constructing a 
higher- derivative model of even order whose classical Lagrangian exhibits chiral-gauge invariance. 

The local operator solution of this higher- derivative model is obtained in terms of a product of 
local spacetime functions and usual "bona fide" Dirac spinors, thus defining a mapping between two 
sets of field operators. It is pointed out that, being explicitly time dependent, such a mapping leads 
to a new Hamiltonian H' that differs from the original Hamiltonian H. The canonical character 
of the transformation is stressed and the generating function involving old and new variables is 
obtained. The same analysis can be extended to higher-derivative models of odd order. 

The theory involves an indefinite-metric "Hilbert space" and cluster decomposition is violated. 
It is shown, however, that the general Wightman functions for the canonical free and massless Dirac 
fields satisfying the positive-definiteness condition can be recovered by considering correlations 
between the original field variables and their conjugate momenta. 



Attention has been called recently [2,3] to Lorentz invariant field models in two-dimensional 
spacetime defined by the Lagrangian density 



1 Free Model 




(1.1) 
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whose local gauge-invariant generalization can be exactly solvedQ. 

With the purpose of introducing the extension to models with an even number of field deriva- 
tives, let us consider the Lorentz transformation (L T) properties in two dimensions. In this case, 
the behavior of fields under a L T is better analyzed using the light-cone variables : = x° ± x ^. 
Under a L T these variables transform according with x^ Xx^ , x~ —>■ X^^ x~ , such that 
5+ — * A~^9+ and 9_ A9_ , where A G (0, oo). In terms of spinor components ^(q), the kinetic 
term (1.1) can be written as 

£o = I efl) 5^^+^ ^(1) + I ef^) 5^^+^ ^(2) . (1.2) 

Thus, under a L T the upper and lower spinor components obey the transformation law 

Taking these considerations into account, the extension to the case with an even number of 
Fermi fields derivatives can be introduced through the following (Hermitian) Lagrangian density 

Co = ^i^i^U^)''^ , (1.3) 



where the imaginary factor i was inserted for future convenience. In this case, the Lorentz trans- 
formation properties of the spinor components are ^(q) — > A"^'^'^" ^(a). 

Let us now perform the quantization of the free model defined by the Lagrangian (1.3). For 
the sake of simplicity we consider the upper component only. Proceeding in the spirit of Ref. [2], 
we consider the configuration space generated by 

^('1) = {d.riiD , n = 0,l,..,2iV-l , (1.4) 

so that the associated momenta are given by 

vr^" = (-l)(^^i-")(9_)(2^^i-")e(*i) ■ (1-5) 



Since the system under consideration exhibits constraints, the canonical quantization must be per- 



^The conventions used are : ^ ~ ' '^(2))"^ , e^^ = g^^ = — g^^ — 1 
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formed using the Dirac method, which leads to the equal-time anticommutators 

{d^^^,){x),dH^,^{y)}^^ = z(-l)^-^-^Vp,2^-i%^-y^) ■ (1-6) 

In momentum space, the solution of the equation of motion for ^(i) is a linear combination of 
derivatives of 5( fc^ ) up to the order (A^ — 1). The Fourier representation for the operator solution 
of the model which leads to a local field operator is given by {k = 



= ^ / cifce-^^(^" + ^^) E ^ 7 ^ %(fc) . (1.7) 

In the above expression the finite arbitrary mass scale m is introduced^ in order to ensure the 
usual dimension for the spinor component fields ^([^{k), which satisfy 

{efi) (k) , i^.^ik') } = - k') . (1.8) 



The anticommutation relations of the mode expansion operators can be diagonalized via the 
linear transformation 



^^k) = -^iiw'ik) + e7i^^(A:) ) , (1.9a) 



^ai^'ik) = ^(e7i7(^) - e7ir^(^)) , (1-9&) 

with p = 1, 2, .., A^. Now a set of 2N usual free Dirac spinors in coordinate space ip^ can be 
introduced. Defining their upper components by 

i;^,^{x) = 4= / rfA:e-'=-(^" + ^")^f,)(fc) , (1.10) 



we can write 



2N 

= E/.(^")v^(i)(^^) • (1-11) 



^It should be remarked that there is another solution, in which the arbitrary dimensional parameter m is not 
introduced, but it leads to a non-local field operator. In order to circumvent this problem and obtain a solution in 
terms of usual fermionic field operators, the parameter m must be introduced. In this case, the previously referred 
Lorentz transformation properties of the spinor components ^(qj are implemented if we perform the LT combined 
with the redefinition m — > Am. 
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The Dirac fields ip^i^ix'^) are quantized with positive (negative) metric for j < N {j > N). The 
factors fj{x~) are given by 



ma 



^ r^—imx )^ ^ {—imx 



fj+^{x-) = + , (1.126) 

where j < N. The expression for the lower component C{2)ix) is obtained interchanging the light- 
cone variables x'^ <-> x" . In order to ensure the correct Lorentz transformation properties of the 
lower spinor component, a new dimensional parameter m must be introduced such that under a 
Lorentz transformation it is redefined as m X~^m. In this way, the higher-order "spinor field" 
can be expressed as a linear combination of usual Dirac fields. 
The anticommutator between ^(q) {a — 1, 2) fields is given by 

/ -A 27V-1 2N—\ 

Cia){y)} = -y^) ~S{x^-y^) (1.13) 

where S{x) is the anticommutator of two usual free and massless Dirac fields. Although the ^ field 
does not represent a genuine spinor field operator, the corresponding spinorial nature is carried by 
the infrafermion ip^ field operators, which ensure the correct micro-causality requirements. In this 
sense, the general quantum field features are implemented by the infrafermion operators. 

As expected from a theory with an indefinite-metric "Hilbert space" , the cluster decomposition 
is violated. As a consequence of (1.13), for a = 1 (2) the 2p-point functions of the ^(q,) fields violate 
the cluster decomposition in the light-cone variable x' (x^). Nevertheless, the general Wightman 
functions generated by the canonical free and massless Dirac spinor components satisfy- 
ing the positivc-dcfinitcncss condition can be recovered considering arbitrary correlations between 
the configuration space variable ^'''{x) and the associated momenta 7T^{x) defined respectively by 
Eqs.(1.4) and (1.5). Thus, for the 2p-point function with fixed £ = 0, 2N — 1, we get 

(oi n n ^iaM) io) = {^\I[idTy''-'-%)i^j)I[idT)%a){yk)\0) ^ 

j=l k=l j=l k=l 



j=i k=i 



where c is a constant. 



6 



The bosonization of the free theory can be carried out using the stardard bosonization formu- 
lae, leading to A'^ independent scalar fields associated to the Dirac spinor t/j^ . Similarly to what 
is done in Refs.[2,4], we introduce the following decomposition for the 2A'" independent scalar fields : 

1 27V- 1 

where are the diagonal matrices of the SU{2N). The $ field acts as the potential for U{1) and 
chiral-W(l) conserved currents. Using this decomposition in the usual bosonized expression for the 
free Dirac fermion operator, the U{1) and chiral-W(l) dependence factorize and we get 

2N 

= E , (1.16) 

i = i 

where the " sohton " operator 5"* and the U{1) screened Dirac infrafermions ■^^ are given by [4] 

Sl^{x^) exp|2.y^<|.(a;+)| : , (1.17a) 




(1.176) 



In the expressions above we have suppressed the corresponding Klein factors needed to ensure the 
correct anticommutation relations [5] . As stressed in [2] , these Klein factors are also introduced in 
order to implement the indefinite metric Hilbert space. 



2 Canonical Transformation 



In this section we shall obtain the Hamiltonian H for the model defined by the Lagrangian 
density (1.3), which evolves the ^ field, and show that it is related by a canonical transformation 
to the Hamiltonian H' that describes the time evolution of the usual Fermi field ■0- For the sake 
of simplicity we consider the upper component only. 

To begin with we use a generalized Legendre transformation of the Lagrangian density (1.3), 
such that the Hamiltonian density H. can be written as 

2N-1 

-nix) = Y: ^€"(^)C(i)(a:) - e(i)(a:)(^5_)^%)(a;) . (2.1a) 

n=0 

Using the definitions (1.4) for the configuration space field variables and (1.5) for the correspond- 
ing associated momenta, we obtain the Hamiltonian density (2.1a) in terms of the phase-space 
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variables as being 

2N-2 2N-1 

n{x) = E i-lf-'-Xl^-^^-'-q^'ix) + {-lf-'--q^)''-'-{x)d,qi^{x) . (2.16) 

n=0 n=0 

The corresponding Hamiltonian H evolves the field ^(i)(a;). Since the expression of the original 
configuration space variables in terms of the 2N usual Dirac fields is explicitly time dependent, 
the Hamiltonian obtained from (2.1) does not describe the time evolution of the latter fields. 
Nevertheless let us show that the Hamiltonian H' that describes the time evolution of the Dirac 
fields can be obtained from H by canonical methods. 

To this end, we consider Eq.(l.ll) as defining a mapping from the set of old variables given 
by Eq.(1.4), to the set of new variables 'ipfi), 

{e(i)(^)}-Wi)(^)} , (2.2) 



Taking into account the expressions for all the original phase space variables given by (1-11), we 
have the set of transformation equations: 



2N 



3=1 

After this point transformation, the new momenta are obtained computing the variation of the 
action around a solution of the equation of motion: 



6S = f"d'xCii^ix){td.y''6^^,){x) . (2.4) 
Considering vanishing variations at the initial time ti, we get 

N 

SS = ^Y.[ri^{x)S^Pi,^{x) - ^Pli^^''\x)5^Pi,f{x)l^^ . (2.5) 



i=i 

and we can identify i as the canonical conjugate momenta of the fields. The anticommu- 
tators for the Dirac fields are thus reobtained without resort to the anticommutation relations of 
the original field solution. 

In order to obtain the expression of the new Hamiltonian, let us consider the generating func- 
tion for the point transformation (2.3). In classical mechanics the generating function of a point 
transformation from the set of conjugate variables {pi, Qi} to the set {Pi, Qi} can be written as 



n{P,q,t) = ^PiQi{q,t) 

i 



(2.6) 
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The transformation equations can be recovered by means of 

while the expression for the new Hamiltonian function is given by 

n' = n + doVl . (2.8) 



The generahzation of this formahsm to higher-derivative field theory can be achieved by con- 
sidering the "generating function"^ of the transformation from the new variables to the old 
variables as the sum of the old momenta multiplied by the corresponding old variables written in 
terms of the new ones, that is, 

2N-1 ( 2N ^ 

= E E #)(^^) • (2.9) 

n=0 I j=l ) 

This generating function allows one to obtain the transformation (2.3) through 



dn{x) 



^(-1)V(^*) = 4^ , (2.106) 



where £ = 0(1), for j < N{j > N). The new Hamiltoninan density Ti' differing from Ti. by 
dofl(i){x) is given by 

TV 

^' = E [^^li{x)^^^i,^{x) - zV^af ^(x)9iV^(^;''(x)] , (2.11) 
i=i 

which is the correct Hamiltonian density associated with N independent free Dirac spinor compo- 
nents ipli){x), and the one to be bosonized. 

Analogous expressions are obtained for the lower component ilj^2)ix)- 

Strictly speaking one should consider a generating functional obtained by integrating 17(1) (x) over space. In 
the peculiar case dealt with here this is not necesssary, and the formalism with generating function works quite 
satisfactorily. 
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3 Local Gauge Invariance 

The Schwinger model with derivatives of order 2 is defined by the Lagrangian density 

= -\{:f^.Y + ^4^2^^ , (3.1) 

where if^ ^ is the covariant derivative of order 2 N defined by 

^2Af ^ {iTpUlp)^ , (3.2) 

where the usual covariant derivative is"^ = 1^ i^^ii ~ .4^ ) . 

The quantization of the model can be performed following the same steps outlined in the free- 
field case. The configuration space is now generated by 

^ pn ^ = 0, 1, 2, . . . , 2A^ - 1 , (3.3) 

and the associated momenta 

TT^ = (-l)(^-l— ) (^D2iV-l-"^)* , (3.4) 

which satisfy canonical anticommutation relations. Since a chiral operator gauge transformation 
acting on the free field decouples the gauge field, similarly to what is done in Ref.[2], the configu- 
ration space variables can be written as 

*"(x) e'V^^'[^(^) + ''(^)l : C{x) , (3.5) 
<(x) =: e-'v^^'[^(^) + ^Wl : Tr^{x) . (3.6) 
The operator solution for the even order case is then given by 

f TT i ~ -\ 2N 

*(.)(x) =: exp z( — )SLP(x) +r)(x)] : Mx^)r{x^) ■ (3.7) 
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Performing an operator gauge transformation 



(a) 



X =: e 



(3.8) 



we obtain the "physical fermion field operator" 



2N 



exp|z( — )S«„E(a;)| : J2f,{x^)r{x^)a , 



(3.9) 



where cr is a spurious operator with scale dimension of zero value and given in terms of free and 
massless scalar fields by 



" exp] ^(^)"{75[|.(x) +v{x)] + mx) +v{x)]} \ , 



(3.10) 



where the rj field is quantized with negative metric. The gauge field is given by 



(3.11) 



with E satisfying the equation of motion 



□ + 



2Ne'' 



TT 



t{x) = , 



(3.12) 



and the anomalous divergence of the axial current is then given by 



TT 



(3.13) 



The generalized fermion Green functions are obtained considering correlators like 



(oi n(^^f-'-'*(a)(^,))* n^T^HWio) = (oi nv^(a)(^f) n V'(a)(i/.^)io; 

j=l k=l 0=1 



X 



fe=l 



X 



(oin 



n 

fe=i 



e^V^T««[S(2//c)+'?(2/fc)] . 



(3.14) 
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The Wightman functions related to the physical fermion field operators ^, are given by 



p 



(oi n (v^''-'-'^ia){x,)y n v^^^m\o) = (oi n i^u^t) n ^w^/.^) io) x 

j=l k=l j=l k=l 



x(0| n : e-V2iv7o?a^(^.) . Yl : eW2iv7<JaM2/.) : |0) , (3.15) 

j=l k=l 

in which we have used the fact that 

(0| n CTlixj) fl a^{y,)\0) = 1 . (3.16) 
j=i k=i 

The Wightman functions (3.15) correspond to those of a subspace of the Schwinger model with 
2N flavored fermions introduced in Ref.[4]. 



4 Final Comments 



By way of conclusion, let us summarize our findings. We have further extended the class 
of models amenable to exact solution studied in [2] by considering Lagrangians involving higher 
derivatives of even order. These Lagrangians are immediately seen to be Lorentz invariant by using 
hght-cone variables. The resulting unusual behavior of the fields in these generalized Schwinger 
models has been stressed. As a final result the bosonization of models with Lagrangians of the form 

L^eihW^ , TV = 1,2,3,... 

has been obtained as well as of their gauged versions. Special care, irrespective of N being even 
or odd, is needed when the bosonization of expressions as the Lagrangian or the Hamiltonian is 
undertaken. Indeed, by considering the solution of the model as a point transformation of fields the 
generating function for this transformation has been obtained and therefrom the new Hamiltonian. 
Owing to explicit spacetime dependence of the original fields in terms of the ultimately bosonized 
internal fields , the bosonized Hamiltonians of the latter are not obtained by just bosonizing 
the original Hamiltonians expressed in terms of the new fields. 
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